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ABSTRACT
The N=1,2 supergravities with non-zero cosmological constants are investigated in the
Ashtekar formalism. We solve the constraints of the N=1,2 supergravities semi-classically.
The resulting WKB wave functions are expressed by exponentials of supersymmetric-extended
SL(2, C) Chern-Simons functional.
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1 Introduction
The quantization of the 4-dimensional gravity is the most interesting and the most difficult
problem in physics. Though there are many attempts and efforts to solve this problem, we
have not yet obtained sufficient results. It is due to the non-renormalizability and the com-
plexity of the Einstein-Hilbert action. The path integral quantization, which is a powerful
tool in the ordinary quantum field theory, is not valid for the 4-dim quantum gravity, because
the Einstein-Hilbert action is bounded from neither above nor below owing to the conformal
factor of the metric and it causes the divergence. There are three typical attempts to over-
come these difficulties: the superstring theory, the lattice gravity, and the ADM canonical
formalism. Each approach has benefit and difficulty.
The superstring theory has been the most promising one as the candidate of the theory
of everything. The Einstein gravity can be derived as a low-energy limit of the string theory.
Moreover since there is no ultraviolet divergence in this theory, it has more manageable
perturbative behavior than the Einstein gravity. In spite of much success, the superstring
theory has come to a deadlock because of the mathematical difficulties. Even if we accept
the string theory as a unified theory, it seems difficult to use it for the quantization of the
universe. The conformal field theory, which has its origin in the string theory, has developed
rapidly and has been applied to various situations. In particular the CFT has solved the
2-dimensional quantum gravity non-perturbatively. But it seems difficult to apply similar
method to the 4-dim gravity.
Recently the lattice gravity has progressed vigorously as a non-perturbative approach to
the 4-dim quantum gravity. The examples are the Regge calculus and the Turaev-Viro theory,
and so on. We must ascertain whether all the matters which exist in our world can be dealt
with in lattice gravity.
The ADM canonical formalism[1], in which we use the 3-dim metric as the dynamical
variables, is used when we want to quantize the gravity non-perturbatively. It is well known
that the Hamiltonian of the Einstein gravity reduces to a linear combination of the first class
constraints. In the quantization by the ADM formalism, we consider these constraints the
quantum constraints and use them to select the physical states from the space of functionals
defined on the 3-dim metric. But unfortunately these constraints are non-polynomials of
the canonical variables and we can solve them only when there are few degrees of freedom.
Moreover we have another difficult problem of operator ordering. Since the Poisson bracket
algebra of classical constraints represents the diffeomorphism invariance of general relativity,
this and the commutator algebra of quantum constraints must be isomorphic to each other.
But unfortunately there is no operator ordering in which required isomorphism is realized.
Recently a new formalism of the general relativity has been presented by Ashtekar [2] [3].
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In this formalism, we take the vierbein fields and the (anti-)self-dual part of the Levi-Civita
connection as fundamental variables. It is shown that the constraints of the gravity are simple
polynomials of Ashtekar’s canonical variables, and we would expect that we can quantize the
gravity non-perturbatively. There have been some efforts already and a large class of the
physical states have been obtained[4][5][9].
Some types of matters can be included in the Ashtekar formalism, remaining the con-
straints to be polynomials of the canonical variables. When we couple matters to gravity, we
must ascertain in each case whether the constraints are polynomials of the canonical variables.
The typical and interesting examples which deal with matters are the N=1,2 supergravities
[6][7][8]. It is shown that the constraints are polynomials of the canonical variables and the
Poisson brackets among the supersymmetry generators are closed.
In this paper we discuss the Ashtekar formalism of the N=1,2 supergravities and obtain the
WKB wave functions. In section 2 and section 3, the Ashtekar formalism of the N=1,2 super-
gravities are given. These theories are written by using the pure spin-connection formalism[6].
The left- and the right-supersymmetry transformations are represented in asymmetric ways.
The left-supersymmetry transformations in both N=1 and 2 supergravity are parametrized
by usual left-handed spinor parameters. But the right-supersymmetry transformation in N=1
case is realized by 1-form spinor parameter which depends on field. In N=2 case, the right-
supersymmetry transformation is realized by 1-form spinor parameter and 1-form bosonic
parameter both of which depend on fields. It is shown that the constraints become polyno-
mials of the canonical variables for N=1,2 supergravities, with a slight modification for N=2
case.
In both N=1 and 2 case we calculate the commutators of the supersymmetry transforma-
tions on each field and find that they are not closed even on shell. The cause of this feature
is that the right-supersymmetry transformations are realized by parameters which depend on
fields. We also calculate the Poisson algebras of the supersymmetry generators and find that
they are closed among the generators of the local symmetries of the theories. Therefore there
is no inconsistency.
In section 4, we solve the constraints and obtain the WKB wave functions of the super-
gravities with non-zero cosmological constants. In [9] the WKB wave function of the pure
gravity is obtained when the cosmological term exists and it has the form of exponential of
the Chern-Simons functional. The WKB wave functions of the N=1,2 supergravities have
the forms of exponentials of the N=1,2 supersymmetric-extended Chern-Simons functional.
Section 5 is devoted to the discussion. The notations and the formulas used in this paper are
given in the appendix.
Section 3 is based on the work with Dr. Kunitomo[8].
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2 The Ashtekar Formalism of N=1 Supergravity
In this section we consider the Ashtekar formalism of the N=1 supergravity. The Ashtekar
formalism of the N=1 supergravity has been given first by Jacobson[7] and reformulated in
more elegant form in ref[6].
In this paper we use the method of the 2-form gravity[6]. We represent the left- and the
right-spinor indices as A,B,C, · · · and A′, B′, C ′, · · ·, respectively. eAA′, ψA, and ψA′ express
the vierbein, the left- and the right-component of gravitino. We define the 2-form fields ΣAB
and χA as
ΣAB = eAA′ ∧ eA
′B, (2.1)
χA = eAA′ ∧ ψA
′
. (2.2)
The Lagrangian of N=1 supergravity with cosmological term in the Ashtekar formalism is
given by [8]:
− iL = ΣAB ∧RAB + χA ∧DψA − 1
2
ΨABCDΣ
AB ∧ ΣCD − κABCΣAB ∧ χC
−g
2
6
ΣAB ∧ ΣAB + 1
2
λgΣAB ∧ ψA ∧ ψB − g
6λ
χA ∧ χA, (2.3)
where RAB is the curvature of the anti-self-dual part of SO(3, 1) connection ωAB, D is the
covariant derivative with respect to ωAB, and g and λ are real constants. −g26 ΣAB ∧ ΣAB
is cosmological term with cosmological constant Λ = g2. ΨABCD and κABC are Lagrange
multipliers which require the following constraints:
Σ(AB ∧ ΣCD) = 0, (2.4)
Σ(AB ∧ χC) = 0, (2.5)
where the indices between ‘(’ and ‘)’ are completely symmetrized. These algebraic constraints
guarantee the decomposition (2.1) and (2.2).
The Lagrangian (2.3) is invariant up to total derivatives under the left- and the right local
supersymmetries. The left-supersymmetry transformation is given by:
δLΣ
AB = −χ(A ǫB),
δLωAB = λgψ(A ǫB),
δLψA = D ǫA,
δLχ
A = λgΣAB ǫB,
δLκABC = −ΨABCD ǫD,
δLΨABCD = −2λg κ(ABC ǫD), (2.6)
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where ǫA is a left-handed spinor parameter. The right-supersymmetry transformation is:
δRΣ
AB = ψ(A ∧ ηB),
δRωAB = −κABCηC ,
δRψA =
g
3λ
ηA,
δRχA = −DηA,
δRκABC = 0,
δRΨABCD = 0, (2.7)
where the parameter ηA is 1-form left-handed spinor parameter which satisfies the following
algebraic constraint:
Σ(AB ∧ ηC) = 0. (2.8)
This condition can be solved on shell and ηA is decomposed as
ηA ∼ eAA′ ǫA
′
, (2.9)
where ǫA
′
is a right-handed spinor parameter. Now we carry out the 3+1 decomposition of
the Lagrangian (2.3). We define variables π˜iAB and π˜iA by
π˜iAB =
1
2
ǫijkΣABjk , (2.10)
π˜iA =
1
2
ǫijkχAjk. (2.11)
Then the algebraic constraints (2.4), (2.5) are rewritten as
Σ
(AB
0i π˜
CD)i = 0, (2.12)
Σ
(AB
0i π˜
C)i + π˜i(ABχ
C)
0i = 0. (2.13)
As is shown in the appendix, we can solve these equations:
ΣAB0i = −
1
2
ǫijk
[
−i
˜
Nπ˜jAC π˜
kCB + 2N j π˜kAB
]
, (2.14)
χA0i = − ǫijk
[
−i
˜
Nπ˜jAB π˜
kB +N j π˜kA
]
+ ǫijkπ˜
jA
B π˜
kBC
˜
MC , (2.15)
where
˜
MA is the spinor field of the weight -1, and
˜
N and N i correspond to the lapse function
and the shift vector in the ADM formalism, respectively.
The Lagrangian in the canonical form becomes
− iL = π˜iABω˙iAB + π˜iAψ˙iA
+ω0ABG
AB − ψ0ALA +
˜
MAR
A +
1
2
i
˜
NH −N iHi, (2.16)
where ω0AB, ψ0A,
˜
MA,
˜
N , and N i are the Lagrange multipliers. The constraints are given by
GAB = Diπ˜
iAB − ψ(Ai π˜B)i, (2.17)
LA = Diπ˜
iA − λgπ˜iABψBi, (2.18)
RA = π˜iAC π˜
jCB
[
(DψB)ij +
g
3λ
ǫijkπ˜
k
B
]
, (2.19)
H = π˜iAC π˜
jCB
[
RijAB − g
2
3
ǫijkπ˜
k
AB + λgψi(AψB)j
]
+2π˜iAB π˜
jB
[
(DψA)ij +
g
3λ
ǫijkπ˜
k
A
]
, (2.20)
Hi = π˜
jAB
[
RijAB − g
2
3
ǫijkπ˜
k
AB + λgψi(AψB)j
]
+π˜jA
[
(DψA)ij +
g
3λ
ǫijkπ˜
k
A
]
. (2.21)
GAB, LA, RA, H, and Hi are the quantities with the weights +1, +1, +2, +2, and +1,
respectively.
In this paper we always use the left derivatives for the fermionic fields. The Poisson
brackets between the canonical variables are{
ωiAB(x, t), π˜
jCD(y, t)
}
= −iδji δC(AδDB)δ(3)(x− y), (2.22){
ψiA(x, t), π˜
jB(y, t)
}
= −iδji δBAδ(3)(x− y). (2.23)
−i in the r.h.s comes from the imaginary factor −i in Lagrangian(2.3). The constraints
GAB, LA, RA, H, and Hi are the generators of the local Lorentz transformation, the left-
and the right-supersymmetry transformations, the time-reparametrization, and the 3-dim
diffeomorphism. These constraints are written in polynomials of the canonical variables.
Now let us calculate the commutators of the supersymmetry transformations on each field
and the Poisson brackets among the generators of the supersymmetries and compare the
former and the latter.
First we calculate the commutators of the supersymmetry transformations on each field.
These commutators must be closed among the local symmetries at least up to the equations
of motion. Hence these must have the forms:[
δ1(LorR), δ2(LorR)
]
field = (
∑
α∈S
δα)field,
S := the set of the local symmetries of N=1 supergravity. (2.24)
By using the explicit forms of the transformations, we can calculate the commutators on
each field. The left-left commutator is:
[δL( ǫ1), δL( ǫ2)] = δ
lL(Λ) (2.25)
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where δlL is the local Lorentz transformation and the parameter ΛAB is given by
ΛAB =
1
2
λg( ǫA1 ǫ2B + ǫ1B ǫ
A
2 ). (2.26)
Here we use the equations of motion. When we calculate the commutators which contain
the right transformation, we must note that the parameter ηA depends on ΣAB through (2.8)
and ηA must be transformed such that the algebraic constraint (2.8) still holds after the
transformation:
δL(R)(Σ
(AB ∧ ηC)) = 0. (2.27)
The right-right commutator is then given by
[δR(η1), δR(η2)] = δR(η3), (2.28)
where η3 is given by
ηA3 = δR1η
A
2 − δR2ηA1 . (2.29)
Here we used the equations of motion. The left-right commutator on the fields except the
auxiliary fields ΨABCD and κABC is
[δL( ǫ), δR(η)] = δ
Diff (v) + δL( ǫ
′) + δR(η
′) + δlL(Λ), (2.30)
where δDiff represents the diffeomorphism. The parameters appeared above are determined
by:
ivΣ
AB = ǫ(AηB),
ǫ
′A = −ivψA,
η
′A = ivχ
A + δLη
A,
ΛAB = −ivωAB, (2.31)
where iv represents the interior product. By (2.27) and (2.31) we obtain
Σ(AB ∧ η′C) = iv(Σ(AB ∧ χC)), (2.32)
and η
′A satisfies (2.8) on shell.
The left-right commutators on the auxiliary fields are:
[δL( ǫ), δR(η)] ΨABCD = · · · − iv(DΨABCD + 2λgκ(ABCψD)),
[δL( ǫ), δR(η)] κABC = · · · − iv(DκABC +ΨABCDψD). (2.33)
where the parts · · · are the same as (2.30). The extra terms in (2.33) don’t disappear even
on shell. The cause of this phenomenon seems to be that the parameter ηA depends on
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ΣAB through (2.8). To confirm this statement, next we calculate the Poisson brackets of the
constraints of the supersymmetry. The reason why we calculate the Poisson brackets is as
follows. Since the constraints are the generators of the local symmetries of the theory, we
can realize all the local symmetry transformations by constraints and parameters which don’t
depend on fields. If the Poisson bracket algebra of the constraints is closed, we may consider
that the algebra of the symmetries is closed.
The following smeared constraints are the generating functionals of the symmetries:
G(Λ) =
∫
d3xΛABG
AB, L( ǫ) =
∫
d3x ǫAL
A, R(η) =
∫
d3xηAR
A,
H(N) =
∫
d3xNH, H( ~N) =
∫
d3xN iHi,
(2.34)
where the parameters ΛAB, ǫA, ηA, N , and N
i are the quantities with the weights 0, 0, -1, -1,
and 0, respectively. Then the Poisson brackets among the supersymmetry generators are:
{L( ǫ1), L( ǫ2)} = G(Λ),
ΛAB = −iλg ǫ1(A ǫB)2, (2.35)
(2.36)
{L( ǫ), R(η)} = H(N) +H( ~N),
N =
1
2
i ǫAη
A,
N i = i ǫAηBπ˜
iAB, (2.37)
(2.38)
{R(η1), R(η2)} = R(η3),
η3A = −2i(η1(AηB)2π˜jBC ψCj + η1(BηC)2π˜jBA ψCj ). (2.39)
Consequently the Poisson brackets are closed among the local symmetries in the theory.
Therefore the algebra of the supersymmetry is closed.
3 The Ashtekar Formalism of N=2 Supergravity
In this section we discuss the Ashtekar formalism of the N=2 supergravity[8]. In the case of
the N=2 supergravity the gravitinos form an SU(2) doublet and U(1) gauge field appears.
Let ψaA and ψ
a
A′ be the left- and the right-component of gravitino, respectively. The indices
a, b, c, · · · are the internal SU(2) indices. We define 2-form field χAa as
χAa = e
A
A′ ∧ ψA
′
a . (3.1)
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Now the chiral Lagrangian of the N=2 supergravity is given by[8]:
− iL = ΣAB ∧ RAB + χAa ∧DψaA −
1
2
ΨABCDΣ
AB ∧ ΣCD − κaABCΣAB ∧ χCa
+ φABFˆ ∧ ΣAB − 1
2
φABφCDΣ
AB ∧ ΣCD + 1
2
φABχ
A
a ∧ χBa −
1
2
Fˆ ∧ Fˆ , (3.2)
and cosmological term and extra terms which are required when we consider the theory with
non-zero cosmological term are
− iLcosm = g2ΣAB ∧ ΣAB + g(τ 3)abΣAB ∧ ψaA ∧ ψbB
− 1
2
g(τ 3)a
b
χaA ∧ χAb − g(τ 3)abχAa ∧ A ∧ ψbA, (3.3)
where A is U(1) gauge field, g is a real constant, and g2ΣAB ∧ΣAB is cosmological term with
cosmological constant Λ = −6g2.
Fˆ is given by
Fˆ = dA− 1
2
ψaA ∧ ψAa , (3.4)
and
(τ 3)ab =
 1 0
0 −1
 . (3.5)
The Lagrange multipliers ΨABCD and κ
a
ABC require the algebraic constraints
Σ(AB ∧ ΣCD) = 0, (3.6)
Σ(AB ∧ χC)a = 0, (3.7)
which guarantee the decomposition (2.1) and (3.1).
This action is invariant under the left- and right-supersymmetry transformations up to
total derivatives. The left-supersymmetry transformation is:
δLΣ
AB = −χ(Aa ǫB)a,
δLψ
a
A = D ǫ
a
A − g(τ 3)abA ǫbA,
δLχ
A
a = (F̂ − φCDΣCD) ǫAa + 2g(τ 3)baΣAB ǫbB,
δLA = −ψaA ǫAa ,
δLωAB = 2g(τ
3)a
b
ψa(A ǫB)b,
δLΨABCD = −4g(τ 3)abκa(ABC ǫD)b,
δLκ
a
ABC = −ΨABCD ǫaD + 3g(τ 3)abφ(AB ǫbC),
δLφAB = κ
a
ABC ǫ
C
a , (3.8)
where ǫaA is a left-handed spinor parameter.
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The right-supersymmetry transformation is:
δRΣ
AB = ψ(Aa ∧ ηB)a,
δRψ
a
A = −φABηaB − g(τ 3)abηbA,
δRχ
A
a = Dη
A
a + g(τ
3)a
b
A ∧ ηAb − ψAa ∧ ξ,
δRA = ξ,
δRωAB = κ
a
ABCη
C
a − φABξ,
δRΨABCD = 0,
δRκ
a
ABC = 0,
δRφAB = 0, (3.9)
where ηaA is a 1-form spinor and ξ is a bosonic 1-form which satisfy the constraints
Σ(AB ∧ ηC)a = 0,
ΣAB ∧ ξ = χa(A ∧ ηB)a . (3.10)
We can solve these constraints on shell and obtain
ηAa ∼ eAA′ ǫA
′
a ,
ξ ∼ ψA′a ǫaA′ , (3.11)
where ǫA
′
a is a right-handed spinor parameter.
Now let us consider the 3+1 decomposition. We define new variables:
π˜iAB =
1
2
ǫijkΣABjk , (3.12)
π˜iAa =
1
2
ǫijkχAajk, (3.13)
π˜i = φABπ˜
iAB − 1
2
ǫijkFˆjk. (3.14)
Using these variables, (3.6) and (3.7) are rewritten as
Σ
(AB
0i π˜
CD)i = 0, (3.15)
Σ
(AB
0i π˜
C)i
a + π˜
i(ABχ
C)
a0i = 0. (3.16)
These constraints can be solved as
ΣAB0i = −
1
2
ǫijk
[
−i
˜
Nπ˜jAC π˜
kCB + 2N j π˜kAB
]
, (3.17)
χAa0i = ǫijk
[
i
˜
Nπ˜jAB π˜
kB
a −N j π˜kAa
]
+ ǫijkπ˜
jA
B π˜
kBC
˜
MCa, (3.18)
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where
˜
MAa is the fermionic field of the weight -1.
The Lagrangian is rewritten as
− iL = π˜iABω˙iAB + π˜iAa ψ˙aAi + π˜iA˙i
+ω0ABG
AB − ψaA0LAa + A0G+
1
2
i
˜
NH−N iHi −
˜
MaAR
A
a , (3.19)
where ω0AB, ψ
a
0A, A0,
˜
N , N i and
˜
MaA are the Lagrange multipliers and the constraints are
GAB = Diπ˜
iAB + π˜i(Aa ψ
B)a
i , (3.20)
LAa = Diπ˜
iA
a + π˜
iψAia + 2g(τ
3)abπ˜
iABψbiB − g(τ 3)abπ˜ibAAi, (3.21)
RAa = π˜
jA
B π˜
kCB
[
(DψaC)jk + g(τ
3)ab ǫijkπ˜
ib
C − 2g(τ 3)abA[jψbk]C
]
+
[
ǫijkπ˜
jABπ˜kaB − hij π˜jAa
]
Π˜i, (3.22)
G = ∂iπ˜
i + g(τ 3)abπ˜
iaAψbiA, (3.23)
H = π˜jAC π˜
kCB
[
RABjk + 2g
2 ǫijkπ˜
i
AB − 2g(τ 3)abψaA[jψbk]B
]
+2π˜jAB π˜
kB
a
[
(DψaA)jk + g(τ
3)ab ǫijkπ˜
ib
A − 2g(τ 3)abA[jψbk]A
]
+
[
2hij π˜
j + ǫijkπ˜
ja
A π˜
kA
a
]
Π˜i, (3.24)
Hi = π˜
jAB
[
RABij + 2g
2 ǫijkπ˜
k
AB − 2g(τ 3)abψaA[iψbj]B
]
+π˜jAa
[
(DψaA)ij + g(τ
3)ab ǫijkπ˜
kb
A − 2g(τ 3)abA[iψbj]A
]
+FˆijΠ˜
j , (3.25)
where Π˜i is defined by
Π˜i = π˜i +
1
2
ǫijkFˆjk, (3.26)
and hij is the 3-dim space metric. All of the above constraints are polynomials of the canonical
variables except RAa and H . The non-polynomial feature of these two constraints result from
that of hij . They become polynomials of the canonical variables by multiplying them by
h := det hij because hhij is a polynomial of the π˜
iAB. GAB, LAa , R
A
a , G, H, and Hi are the
quantities with the weights +1, +1, +2, +1, +2, and +1.
The Poisson brackets among the canonical variables are{
ωiAB(x, t), π˜
jCD(y, t)
}
= −iδji δC(AδDB)δ(3)(x− y),{
ψaiA(x, t), π˜
jB
b (y, t)
}
= −iδji δBAδab δ(3)(x− y),{
Ai(x, t), π˜
j(y, t)
}
= −iδji δ(3)(x− y). (3.27)
As in the case of the N=1 supergravity, we must check whether the algebra of the su-
persymmetries is closed among the local symmetries of the theory. First we calculate the
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commutators of the supersymmetry transformations on each field. The left-left commutator
is:
{δL( ǫ1), δL( ǫ2)} = δlL(Λ) + δU(1)(λ),
ΛAB = g(τ
3)ab( ǫ1aA ǫ
b
2B + ǫ
b
1B ǫ2aA),
λ = − ǫa1A ǫA2a, (3.28)
where we use the equations of motion.
When we calculate the right-right and the left-right commutators we must note that,
since ηAa and ξ depends on Σ
AB and χAa through the constraints (3.10), η
A
a and ξ are also
transformed by supersymmetry transformations. These parameters must be transformed as
the following relations hold:
δL(R)(Σ
(AB ∧ ηC)a ) = 0,
δL(R)(Σ
AB ∧ ξ − χa(A ∧ ηB)a ) = 0. (3.29)
Using the above relations and the equations of motions, the right-right commutator for each
field except ωAB, ΨABCD, and κ
a
ABC is
[δR(η1, ξ1), δR(η2, ξ2)] = δR(η3, ξ3) + δ
lL(Λ) + δU(1)(λ), (3.30)
where the parameters appearing above are determined by
λΣAB = η
a(A
1 ∧ ηB)2a ,
ηA3a = δR1η
A
2a − δR2ηA1a + λψAa ,
ξ3 = δR1ξ2 − δR2ξ1 − dλ,
ΛAB = −λφAB. (3.31)
As can be seen easily, the following equations are obtained:
Σ(AB ∧ ηC)3a = 0,
ΣAB ∧ ξ3 = χa(A ∧ ηB)3a + λ(DΣAB + χ(Aa ∧ ψB)a), (3.32)
and hence ηA3 and ξ3 determine a right-supersymmetry transformation on shell. The commu-
tators for the remaining three fields are
[δR(η1, ξ1), δR(η2, ξ2)]ωAB = · · ·+ λ(DφAB − κaABCψCa ),
[δR(η1, ξ1), δR(η2, ξ2)] ΨABCD = · · · − 4λφE(AΨEBCD),
[δR(η1, ξ1), δR(η2, ξ2)]κ
a
ABC = · · · − 3λφD(AκaDBC) − λg(τ 3)abκbABC . (3.33)
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The extra terms in these equations don’t vanish even on shell. The same situation happens
in the left-right commutator. The left-right commutator for each field except the auxiliary
fields is
[δL( ǫ), δR(η, ξ)] = δ
Diff (v) + δL( ǫ
′) + δR(η
′, ξ′) + δlL(Λ) + δU(1)(λ), (3.34)
and the parameters appearing above are determined by
ivΣ
AB = ǫ(Aa η
B)a,
ǫ′aA = −ivψaA,
η′Aa = δLη
A
a − ǫAa ξ − ivχAa ,
ξ′ = δLξ − iv(Fˆ − φABΣAB)− g(τ 3)baηaA ǫAb ,
ΛAB = −ivωAB
λ = −ivA, (3.35)
and as can be seen easily, one obtain the following equations:
Σ(AB ∧ η′C)a = −iv(Σ(AB ∧ χC)a ),
ΣAB ∧ ξ′ = χa(A ∧ η′B)a − iv
{
(Fˆ − φCDΣCD) ∧ ΣAB + 1
2
χ(Aa ∧ χB)a
}
. (3.36)
Therefore η′Aa and ξ
′ determine a right-supersymmetry transformation on shell. The commu-
tators for the auxiliary fields are:
[δL( ǫ), δR(η, ξ)] ΨABCD = · · · − iv(DΨABCD + 4g(τ 3)baκa(ABCψD)b),
[δL( ǫ), δR(η, ξ)] κ
a
ABC = · · · − iv(DκaABC − g(τ 3)abAκbABC
+ΨABCDψ
aD − 3g(τ 3)abφ(ABψbC)),
[δL( ǫ), δR(η, ξ)]φAB = · · · − iv(DφAB − κaABCψCa ). (3.37)
The extra terms in these equations don’t vanish even on shell. As is in the case of the
N=1 supergravity, the cause of this phenomenon seems to be that the right-supersymmetry
transformation is defined by the parameters which depend on the fields. To ascertain directly
that the algebra of the supersymmetry transformations is closed, we must calculate the Poisson
brackets among the supersymmetry generators explicitly. We define the smeared constraints
as follows:
G(Λ) =
∫
d3xΛABG
AB, L( ǫ) =
∫
d3x ǫaAL
A
a , R(η) =
∫
d3xηaAhR
A
a ,
G(λ) =
∫
d3xλG, H(N) =
∫
d3xNh2H, H( ~N) = 1
2
∫
d3xN ih2Hi,
Rˆ(ηˆ) =
∫
d3xηˆaAh
2RAa ,
(3.38)
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where we define two smeared constraints for RAa for convenience of the calculation. ΛAB, ǫ
a
A,
ηaA, λ, N , N
i, and ηˆaA are the quantities with the weights 0, 0, -3, 0, -5, -4, and -5.
The Poisson brackets among the supersymmetry generators are:
{L( ǫ), L( ǫ′)} = G(λ) +G(Λ),
λ = i ǫaA ǫ
′A
a ,
ΛAB = 2ig(τ
3)ab ǫ
a
(A ǫ
′b
B), (3.39)
{
L( ǫ), Rˆ(η)
}
= H(N) + Rˆ(η′) +H( ~N),
N = −1
2
i ǫAa η
a
A,
η′
a
A = −
1
2h
i(2 ǫbBηaAπ˜iBC π˜
iC
b + ǫ
a
CηBbπ˜
C
kAπ˜
kbB),
N i = 2i ǫAa η
aBπ˜iAB, (3.40)
{R(η1), R(η2)} = G(Λ) +G(λ) +R(η3),
ΛAB = 2iη1aCη
aC
2 h
2Π˜iπ˜iAB,
λ = −4iη1aAηaA2 h3,
ηA3a = 3i(η
A
1aη
B
2b + η
B
1bη
A
2a)hπ˜
iC
B ψ
b
iC
+i(η1aBη2bC + η1bCη2aB)hπ˜
iABψbCi , (3.41)
and hence the Poisson bracket algebra of the supersymmetry generators is closed among the
generators of the local symmetries in the theory.
4 The WKB Wave Functions
In this section we consider the WKB wave functions of the N=1,2 supergravities with non-zero
cosmological constants. Similar WKB solution of the pure gravity is discussed in [9]. Here
we briefly review the case of the pure gravity. The Ashtekar formalism of the pure gravity
with a non-zero cosmological constant is defined by the Lagrangian
− iL = ΣAB ∧RAB − Λ
6
ΣAB ∧ ΣAB − 1
2
ΨABCDΣ
AB ∧ ΣCD, (4.1)
and the constraints are
GAB = Diπ˜
iAB,
H = π˜iAC π˜
jCB(RijAB − Λ
3
ǫijkπ˜
k
AB),
Hi = π˜
jAB(RijAB − Λ
3
ǫijkπ˜
k
AB), (4.2)
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where Λ is cosmological constant and π˜iAB is defined by (2.10). The Poisson brackets between
the canonical variables are:{
ωiAB(x, t), π˜
jCD(y, t)
}
= −iδji δC(AδDB)δ(3)(x− y). (4.3)
In the quantization, we replace the Poisson bracket by the canonical commutation relation:[
ωiAB(x, t), π˜
jCD(y, t)
]
= δji δ
C
(Aδ
D
B)δ
(3)(x− y). (4.4)
We take the representation that ωiAB is diagonalized:
π˜iAB = − δ
δωiAB
, (4.5)
and redefine the 1-form ωAB as
ωAB := ωiABdx
i, (4.6)
where the index i is the 3-dim space index; i = 1, 2, 3. Then we define the following functional:
Φ [ωiAB] = exp
[
− 3
2Λ
∫
W
]
,
W = ωAB ∧ dωAB + 2
3
ωAC ∧ ωCB ∧ ωAB. (4.7)
One can easily check that this functional vanishes by action of the constraints (4.2) when the
ordering of the operators is fixed as in (4.2). This semi-classical wave function has the form
of exponential of the Chern-Simons functional.
We can obtain similar semi-classical wave functions for the N=1,2 supergravities. First we
consider the case of the N=1 supergravity. The canonical (anti-)commutation relations are:[
ωiAB(x, t), π˜
jCD(y, t)
]
= δji δ
C
(Aδ
D
B)δ
(3)(x− y), (4.8){
ψiA(x, t), π˜
jB(y, t)
}
= δji δ
B
Aδ
(3)(x− y). (4.9)
We take the representation in which ωiAB and ψiA are diagonalized:
π˜iAB = − δ
δωiAB
,
π˜iA =
δ
δψiA
. (4.10)
We fix the ordering of the operators as in (2.17)-(2.21) and redefine two 1-form fields ωAB
and ψA as
ωAB = ωiABdx
i,
ψA = ψiAdx
i, (4.11)
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where i = 1, 2, 3. Then it can be easily seen that the following functional vanishes by action
of the constraints of the N=1 supergravity:
Φ [ωAB, ψA] = exp
[
− 3
2g2
∫
WN=1
]
, (4.12)
WN=1 = ωAB ∧ dωAB+ 2
3
ωAC ∧ ωCB ∧ ωAB−λgψA∧DψA. (4.13)
As is expected, in the case of the N=1 supergravity, the part of the Chern-Simons functional
in the case of the pure gravity is replaced by supersymmetric-extended one; indeed, the
functional
∫
WN=1 is invariant under the local supersymmetry transformation
δωAB = −λg ǫ(AψB), (4.14)
δψA = D ǫA, (4.15)
where the covariant derivative D is that corresponding to the connection (4.6).
Next we consider the case of the N=2 supergravity. In quantization the Poisson brackets
(3.27) are replaced by [
ωiAB(x, t), π˜
jCD(y, t)
]
= δji δ
C
(Aδ
D
B)δ
(3)(x− y),{
ψaiA(x, t), π˜
jB
b (y, t)
}
= δji δ
B
Aδ
a
b δ
(3)(x− y),[
Ai(x, t), π˜
j(y, t)
]
= δji δ
(3)(x− y). (4.16)
We take the representation in which ωiAB, ψ
a
iA, and Ai are diagonalized:
π˜iAB = − δ
δωiAB
,
π˜iAa =
δ
δψaiA
,
π˜i = − δ
δAi
. (4.17)
We fix the ordering of the operators as in (3.20)-(3.25) and redefine three 1-form fields ωAB,
ψaA, and A as follows:
ωAB = ωiABdx
i,
ψaA = ψ
a
iAdx
i,
A = Aidx
i. (4.18)
Then the WKB wave functional of the N=2 supergravity is given by
Φ [ωAB, ψ
a
A, A] = exp
[
1
4g2
∫
WN=2
]
, (4.19)
WN=2 = ωAB ∧ dωAB + 2
3
ωAC ∧ ωCB ∧ ωAB
−2g(τ 3)abψaA ∧ (DψbA − g(τ 3)bcA ∧ ψcA) + 2g2A ∧ dA. (4.20)
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As is in the case of the N=1 supergravity, the 3-form WN=2 is the N=2 supersymmetric-
extended Chern-Simons 3-form; in fact,
∫
WN=2 is invariant under the N=2 local supersym-
metry transformation:
δωAB = 2g(τ
3)ab ǫ
a
(Aψ
b
B),
δψaA = D ǫ
a
A − g(τ 3)abA ǫbA,
δA = ǫaAψ
A
a . (4.21)
5 Discussion
In this paper we discussed the Ashtekar formalism of the N=1,2 supergravities and their WKB
wave functions. The constraints can be written in polynomials of the canonical variables and
the Poisson bracket algebras of the supersymmetry generators are closed among the generators
of the local symmetries of the theory. We solved the constraints semi-classically and obtained
the WKB wave functions of the N=1,2 supergravities. These wave functions have the forms
of exponentials of the N=1,2 supersymmetric-extended Chern-Simons functional.
The Ashtekar formalism solve the difficulties which come from the non-polynomial feature
of the ADM formalism partly but it doesn’t solve them thoroughly in the following sense.
Since the phase space of the gravity is extended in the Ashtekar formalism, we must set some
“reality conditions” to take out the net phase space from the extended one[2]. These reality
conditions are non-polynomials in general. Furthermore the problem of the operator ordering
is still left.
In this paper we use the representation in which the momentums are replaced by the
functional derivative operators. This type of the quantization corresponds to the self-dual
representation[4]. In ref[5], the physical states are derived as the functionals defined on the
generalized knot space. This representation is called the loop space representation. This and
the self-dual representation are dual each other. It is an interesting problem whether there
exists a corresponding quantization program for supergravities. In the loop space representa-
tion of the pure gravity, the physical states are related to the invariants of the knots. We may
expect that there are some invariants corresponding to the physical states of supergravities.
The WKB wave functions obtained in this paper will be useful when we seek for the loop
space representation of supergravities.
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Appendix
Here we sum up the notations and formulas used in this paper. The space-time signature
is (−,+,+,+). We represent the 4-dim space-time indices and the local Lorentz indices by
µ, ν, ρ, · · · , and a, b, c, · · · , and the 3-dim space indices and the flat space indices by i, j, k, · · · ,
and I, J,K, · · · , respectively. The basis of SL(2, C) and SU(2) spinors are
σ0AA′ =
1√
2
 1 0
0 1
 , σ1AA′ = 1√
2
 0 1
1 0
 ,
σ2AA′ =
1√
2
 0 i
−i 0
 , σ3AA′ = 1√
2
 1 0
0 −1
 , (5.1)
and
τ 1AB = 2i
 1 0
0 −1
 , τ 2AB = 2i
 i 0
0 i
 , τ 3AB = 2i
 0 −1
−1 0
 , (5.2)
respectively. The SO(3, 1) vector va is transformed into SL(2, C) spinor as vAA′ := vaσ
a
AA′,
and the SO(3) vector uI into SU(2) spinor as uAB := uIτ
I
AB. We define the anti-symmetric
spinors by
ǫAB = ǫ
AB = ǫA′B′ = ǫ
A′B′ =
 0 1
−1 0
 . (5.3)
The spinor indices can be raised and lowered according to the conventions
λA = ǫABλB, λA = λ
B ǫBA. (5.4)
Taking an adequate gauge, we fix the form of the vierbein field as follows:
eµ
a =

N N jeIj
0 eIi
 , (5.5)
where N and N i are the lapse function and the shift vector, respectively. Defining the 3-dim
space metric hij by hij = e
I
i eIj, the line-element of space-time is given by
ds2 = −N2dt2 + hij(N idt+ dxi)(N jdt+ dxj). (5.6)
Introducing the dual basis eiI by e
i
Ie
I
j = δ
i
j , we have
π˜iAB = −
1
2
√
heiIτ
I
AB (5.7)
18
by the straightforward calculation, where h = det hij . The following identities are obtained:
π˜iAC π˜
jC
B = hh
ij ǫAB − ǫijkπ˜kAB, (5.8)
π˜iAC π˜
C
jB = hhij ǫAB − ǫijkhπ˜kAB, (5.9)
hhij =
1
2
π˜ABi π˜jAB, (5.10)
π˜iABπ˜
iCD = 2hδC(Aδ
D
B). (5.11)
We also have
ΣAB0i =
1
2
NieiIτ
IAB +
1
2
ǫijkN
j
√
hekIτ
IAB (5.12)
= −
˜
Niπ˜ABi − ǫijkN j π˜kAB, (5.13)
where
˜
N = N/
√
h. By the formula π˜iAB = −12 ǫijkπ˜jAC π˜kCB , finally we obtain
ΣAB0i = −
1
2
ǫijk
[
−i
˜
Nπ˜jAC π˜
kCB + 2N jπ˜kAB
]
. (5.14)
We can ascertain that (2.15) and (3.18) are the solutions of (2.13) and (3.16) under (2.14)
and (3.17), respectively. By counting of the degrees of freedom, (2.15) and (3.18) are just the
general solutions.
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